We report on the transmission over a wide frequency range ͑from the far infrared through the visible͒ of pristine and hole-doped, free-standing carbon nanotube films at temperatures between 50 and 300 K. Optical constants are estimated by Kramers-Kronig analysis of the transmittance. We see evidence in the far infrared for a gap below 10 meV. Hole doping causes a shift of spectral weight from the first interband transition into the far infrared. Temperature dependence in both the doped and undoped samples is restricted to the farinfrared region.
I. INTRODUCTION
As carbon nanotubes attract more and more attention for use as electronic materials, so grows the need for the accurate determination of their fundamental electrical and optical properties. However, for practical reasons, these properties are not easy to determine. The optical response of a carbon nanotube depends on the tube diameter, chirality, and orientation. Bulk samples, as well as thin films, are made up of many tube types which differ in the values of these parameters. In addition the samples have a rough surface, contain void space, and have variability regarding the interaction between tubes, e.g., the strength of intertube hopping. Despite these less than ideal properties, applications exist where single-walled carbon nanotube ͑SWNT͒ thin films offer superior performance to other materials. 1 In this paper we present the frequency-dependent optical functions determined from transmission through high-quality free-standing nanotube films in a wide frequency and temperature range, followed by Kramers-Kronig analysis of the transmittance.
Nanotube optical properties have been studied by a number of researchers. Some studies 2, 3 have been restricted to photon energies between 0.5-3 eV. Other measurements [4] [5] [6] have included lower frequencies, where metallic tubes exhibit free-carrier absorption. Studies in the low frequency range also allow one to test the prediction that certain tubes would have very small gaps. [7] [8] [9] These gaps have been reported near 10 meV, with substantial variation from sample to sample. [4] [5] [6] Our measurements improve on earlier reports [4] [5] [6] [10] [11] [12] in several ways. Thick films used for reflectance measurements 4, 5, 10 had poor surface quality. Transmission of films deposited on substrates 6 required the use of several different substrate materials, making normalization difficult; moreover, temperature studies in this configuration are hindered by the thermal properties of the substrates. Transmission studies 11 of free-standing nanotube films found evidence for free-carrier response down to 50 meV but were not analyzed for optical constants. We present here measurements over a wide frequency range on free-standing samples, studying both the temperature dependence and the redistribution of carriers upon doping.
II. EXPERIMENTAL PROCEDURES
Film preparation, starting from laser-ablated SWNT's of 1.37 nm mean diameter, 13 was described in Ref. 1 . Details of processing for the samples are given in Table I . The sample thicknesses were determined by atomic force microscopy ͑AFM͒ measurements. Samples A and C were measured as prepared ͑"unbaked"͒. Thermal processing ͑"baking"͒ consisted of treating the samples in flowing pure argon at 1000°C for 12 h, to remove from the sample the nitric acid, used during purification. 6, 12 Sample B was a second piece of the same film as sample A; samples C and CЈ were the same piece of film measured both before and after baking. Spectra were taken on three different spectrometers with sufficient spectral overlap to allow unambiguous merging of transmittance curves: a Bruker 113v Fourier-transform interferometer ͑20-3000 cm −1 ͒ with a Si bolometer ͑FIR͒ and a DTGS detector ͑MIR͒, a homemade near infrared/visible/UV spectrometer based on a Perkin-Elmer monochromator ͑2000-40 000 cm −1 ͒, and a Perkin-Elmer Lambda 900 VIS/UV spectrometer. Temperature-dependent measurements were conducted with the first two instruments in a flowthrough He cryostat with polyethylene and KBr windows, respectively. The polyethylene windows caused interference fringes in the transmission spectra which, however, do not change the level of transmission. We used a transparent sample of 5 mm diameter, producing enough signal even at the lowest frequencies where transmission was low. The spectra were reproducible during several cooling and heating cycles.
In the usual analysis of visible/near-IR spectra, one calculates the extinction ͑−ln T or −log T͒ from the transmission and calls this quantity the absorbance, or the product of absorption coefficient times thickness, without making further corrections. For many materials this method is perfectly adequate, as the amount of light reflected by the sample is small and only weakly dependent on wavelength. However, this procedure is not justified for strongly absorbing materials; in these the reflection ͑and its wavelength dependence͒ is a major factor, indeed often the dominant one, in determining the light transmission. This situation is the case in nanotube samples at low frequencies. Therefore, we determined the optical functions by Kramers-Kronig analysis of the transmittance.
Kramers-Kronig analysis is not as commonly applied to transmittance as it is to reflectance. Nevertheless, the transmittance of a film is subject to the same causality restrictions as the reflectance; consequently, one may estimate the phase shift on transmittance from a Kramers-Kronig integral, much as one does for reflectance. The procedure requires freestanding, uniform-thickness films, wide spectral coverage, and reasonable photometric accuracy, O͑1%͒. The relationship between the phase shift ⌰͑͒ and the transmittance T͑͒ may be written in the following illuminating form:
According to Eq. ͑1͒, spectral regions in which the transmittance is constant do not contribute to the integral. Further, the spectral regions s ӷ and s Ӷ do not contribute much because the function ln͉͑s + ͒ / ͑s − ͉͒ is small in these regions. Formally, the phase-shift integral requires knowledge of the transmittance at all frequencies. In practice, one obtains the transmittance over as wide a frequency range as possible and then completes the transform by extrapolating the transmittance to frequencies above and below the range of the available measurements. The conventional low-frequency extrapolation for metals is T͑͒ = T͑0͒ + A 2 , where A is a constant determined by the transmittance at the lowest frequency measured in the experiment and T͑0͒ is the extrapolated behavior to zero frequency, determined by the dc conductivity. The high-frequency extrapolation uses T =1 − C −n with n Ϸ 1 and C chosen to give a smooth connection to the high-frequency transmittance curve.
After computing the phase, one may extract the complex refractive index N ͑and all other optical constants͒ by numerical solution of ͑Ref. 14͒
where ␦ = Nd / c with d the film thickness. An important detail is that the phase gained by the radiation in passing through a thickness d of vacuum must be added to ␦ before calculating N. Equation ͑2͒ includes, of course, interfacial reflections, including multiple reflections within the sample.
III. RESULTS Figure 1 shows the room-temperature transmission, optical conductivity, and calculated absorbance spectra before and after baking. Above 4000 cm −1 , the absorption coefficients calculated from the Kramers-Kronig transformation agree with ͑−ln T͒.
The absorption coefficient of the material is the absorbance per unit thickness; to obtain absorption coefficients in units of cm 2 / ͑mole C͒, we have to divide by the density. We determined the density of our materials directly by weighing a piece whose thickness was measured by atomic force microscopy, and obtained 0.4 g / cm 3 . Our absorption values are higher than those found by Zhao et al. 15 in a comprehensive study of various nanotubes. They found ␣͑S 22 ͒ of 0.6-1.1· 10 6 ͑in our units͒, compared with our value ͑in the baked samples͒ of 1.8-1.9· 10 6 . One reason for the difference may be that in our films the long axes of the tubes are largely aligned in the plane of the film, whereas in solution spectroscopy they are disordered in three dimensions.
We also performed a Drude-Lorentz fit to the transmission curves, using the Airy formula 14 for the transmittance of a thin, free-standing film. Table II lists the fitting parameters obtained. The fits and the contributions of individual oscillators to the optical conductivity at 300 K are illustrated in Fig.  2 . We used only electronic oscillators to model the spectra; no vibrational transitions are discernible in the baked samples, even after the baseline correction described recently by Kim et al. 16 In the doped materials, we observed the weak vibrational peaks seen by Hennrich et al.; 12 these disappear on baking.
The conductivity and the absorbance are independent of thickness except at very low frequencies; even there, the values are comparable.
IV. DISCUSSION

A. Baked (undoped) samples
We discuss first the room-temperature results on the baked samples, because we regard these as closest to pristine carbon nanotubes. Optical spectroscopy is routinely used for purity evaluation of nanotube samples 15, 18 where the amount of amorphous carbon is deduced from the background absorption in the near infrared. Comparing our spectra with those by Zhao et al. 15 we estimate the purity to equal those of their best samples. We assume the films dense and isotropic enough to apply a model of a continous medium. ͑Effective-medium models have been employed for polarized measurements where the shape of the tubes is crucial. 19 
͒
The low-frequency conductivity can be best described by a two-component model. In sample B, the two components consist of a Drude free-electron contribution and a Lorentzian peak centered near 0.01 eV. In sample CЈ, we found that a fit with two Drude contributions, with distinct damping constants, also described the data. We note, however, that if the center frequency of the Lorentzian shifts below the measured range ͑ϳ30 cm −1 ͒, then it is essentially indistinguishable from a Drude curve. Indeed, an equally good fit is obtained if we fix the frequency of this peak at 20 cm −1 ͑close to that observed by terahertz spectroscopy 19 ͒. We can also compare our data to those of Hilt et al. 20 measured at terahertz frequencies in similar laser-ablated nanotubes as used in the present study. Although the exact doping level of the tubes studied there is not known, they also find a narrow TABLE II. Drude-Lorentz fit parameters ͓plasma frequency ͑ pi ͒, center frequency ͑ i ͒, and width ͑␥ i ͒ in cm −1 ͔ for each sample studied at several temperatures. For peak 0, the free-carrier ͑Drude͒ absorption, the center frequency is 0. The starting parameters for high-frequency oscillators were taken from Ref. 17 . The high-frequency dielectric constant is 1.04. Drude component and a broad absorption, modeled as a constant background conductivity in their restricted frequency range.
Thus we assign the Drude part to truly metallic tubes and the low-frequency Lorentzian to the curvature-induced gap suggested by Kane and Mele 7 and observed in individual nanotubes by scanning tunneling spectroscopy. 21 In our samples, this gap actually represents an average of gaps for "semimetallic" tubes of different diameter and chirality. 22 Note that the width ͑␥͒ of the Drude contribution is typically more than ten times the width of the low-energy Lorentzian, suggesting that the mobility of carriers in semiconducting tubes is much higher than in metallic tubes.
The origin of the variation among samples can be attributed to unintentional doping by atmospheric oxygen. 23, 24 A modest number of extra holes is enough to smear out the gaps of some of the nanotubes and change their distribution, shifting the median to lower energies. The fact that the thinner film ͑sample CЈ͒ appears more doped is in accordance with observations by Collins et al. 24 We see no indication of the bundle-induced pseudogap at 0.1 eV seen in Ref. 21 . The disappearing of the pseudogap was predicted by Maarouf et al. 9 for macroscopic samples with compositional disorder. The temperature dependence of the conductivity is much weaker than that of a simple metal ͑see Fig. 3͒ . It is confined largely to the far infrared. The low-frequency conductivity decreases with increasing temperature; a crossover at 120 cm −1 reverses this dependence up to about 2000 cm −1 , where it becomes too weak to be observed. The fits to a dielectric function model ͑Table II͒ show a slight broadening of peak 1, along with a blueshift of the low-frequency peak in sample B. We saw no indication down to 50 K for a sudden conductivity drop, which is expected if a Luttinger liquid state develops. 25 The low-frequency optical conductivity of the baked samples, 800 and 1000 ⍀ −1 cm −1 for samples B and CЈ, respectively, agree well with the 700 ⍀ −1 cm −1 value determined from sheet resistance. 1 The 2600 ⍀ −1 cm −1 dc conductivity of the unbaked sample is somewhat lower than that determined by direct sheet resistance measurements ͑6700 ⍀ −1 cm −1 ͒ ͓and closer to the value 2900 ⍀ −1 cm −1 obtained by Liu et al. 26 for FeCl 3 doped nanotubes from electron-energy-loss spectroscopy ͑EELS͒ results͔ but the trend of higher conductivity in the unbaked samples is clear.
B. Unbaked (doped) samples
We now turn to the effect of doping on the optical properties. Figure 1 demonstrates that nitric acid doping increases the conductivity in the far infrared and decreases it around the first Van Hove transition. At low frequencies, the narrower band ͑the one at finite frequency in sample B͒ is much more influenced than the broad Drude part. We can directly compare the parameters of sample C ͑doped͒ and CЈ ͑un-doped͒: as a general trend, peak 0 and peak 1 both increase in intensity on doping, peak 1 more so than peak 0, while peak 2 and peak 3 ͑the semiconductor tubes' S 11 and S 22 transitions, respectively͒ decrease. Peak 2 and peak 3 also shift to higher energies, as already reported by Itkis et al. 6 The high-frequency changes upon doping have been reported and explained extensively. 27, 28 On hole doping, metallic tubes get depleted of charge and therefore a slight decrease in their contribution to the low frequency conductivity is expected. In semiconductors a redistribution of oscillator strength occurs as the highest-lying valence band loses electrons. This change in the occupation of states leads to a de- crease of the S 11 interband transition ͑peak 2͒ and at the same time, an increase in the low-frequency conductivity. The fact that this distribution strengthens peak 1 indicates that the doped semiconducting tubes also can be regarded as semimetals. At higher doping level, the same scenario occurs at the second interband transition.
The top panel of Fig. 4 shows the partial sum rule for samples C and CЈ. This quantity is obtained by integrating 1 ͑͒ from = 0 to an upper frequency, and plotting the integrated weight versus the upper limit, representing the effective number of carriers per C atom taking part in optical transitions below the upper-limit frequency. Up to the near infrared, the hole-doped material shows a much higher weight than the de-doped one; at higher frequencies the difference changes sign. The middle and bottom panels of Fig.  4 show, respectively, the difference in spectral weight and the difference in conductivity ⌬ 1 between the doped and undoped samples. The behavior may be divided into three regions: the free-carrier part ͑region I͒, the interband transition part ͑region II͒, and the -electron excitation part ͑region III͒. The boundary between regions I and II is at 1765 cm −1 , where the conductivity difference changes sign ͑bottom panel͒: we assume that if we had a series of concentrations, this point would be isosbestic. The sum rule difference in this part of the spectrum ͑middle panel͒ levels off at the value of 0.005 e / C, before it starts to decrease at the S 11 transition. A second, smaller, negative peak in the conductivity can be seen at the S 22 frequency. We put the boundary between regions II and III at 12 600 cm −1 , where ⌬ 1 approaches zero again, and the value of the sum rule reaches −0.005 e / C. We infer from this that the principal effect of hole doping is a redistribution of charge within the semiconducting nanotubes, and the doping of the metallic tubes is negligible in comparison. In region III the collective excitations of -electrons can be found. 29 
V. SUMMARY
In summary, we have presented optical transmission in a wide frequency and temperature range of high-quality transparent single-walled carbon nanotube films. We found a gap feature below 10 meV and associate it with the curvatureinduced gap of semimetallic tubes. We estimate the hole doping of our samples by nitric acid to cause a 0.005 e / C redistribution of charge between the free-carrier absorption and the interband transitions in semiconducting tubes and suggest that the free carriers in the doped semiconductors behave similarly to those in semimetallic tubes.
